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Asymptotically Safe Cosmology
Mark Hindmarsh, Daniel Litim, and Christoph Rahmede
Department of Physics & Astronomy, University of Sussex, Brighton BN1 9QH, UK
We study quantum modifications to cosmology in a Friedmann-Robertson-Walker universe with
and without scalar fields by taking the renormalisation group running of gravitational and matter
couplings into account. We exploit the Bianchi identity to relate the renormalisation group scale
with scale factor and derive the improved cosmological evolution equations. We find two types
of cosmological fixed points where the renormalisation group scale either freezes in, or continues
to evolve with scale factor. We discuss the implications of each of these, and classify the different
cosmological fixed points with and without gravity displaying an asymptotically safe renormalisation
group fixed point. We state conditions of existence for an inflating ultraviolet cosmological fixed
point for Einstein gravity coupled to a scalar field. We also discuss other fixed point solutions such
as “scaling” solutions, or fixed points with equipartition between kinetic and potential energies.
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I. INTRODUCTION
Quantum gravity effects become important at very
early times in the history of the Universe, when the
Planck scale is approached. They add to the already
present quantum fluctuations in the dynamics of mat-
ter fields. Provided that the metric field remains the
fundamental carrier of the gravitational force, quantum
corrections should take the form of a simple modification
of couplings whose scale-dependence is described by the
Renormalisation Group (RG). For gravity, such a sce-
nario would imply that the ultraviolet behaviour of the
gravitational couplings is dictated by a renormalisation
group fixed point [1].
In the past decade, good evidence for this asymptotic
safety scenario has been achieved based on RG studies
in the continuum [2–6] and numerical studies on the lat-
tice [7–9]. This has lead to the exciting idea that an
asymptotically safe UV fixed point may control the be-
ginning of the Universe [10], an idea which subsequently
has been explored in Einstein gravity with an ideal fluid
[10–12], and in the context of f(R) gravity [13–16]. There
is also the possibility of an infrared (IR) fixed point which
can play a role in the observed acceleration of the Uni-
verse today [17–20]. Perturbative RG approaches to cos-
mology have explored the running of the cosmological
constant [21–24] and of Newton’s coupling [25–27] and
their implications for big bang nucleosynthesis, super-
nova observations, and deviations from standard cosmol-
ogy [25, 28–30].
An important question in the above is how to relate
the RG scale parameter to cosmological time. Reuter
and collaborators [10, 17, 19] have chosen the RG scale
inversely proportional to cosmological time, also explor-
ing a matching with the Hubble scale. Other approaches
link the RG scale with eg. the fourth root of the energy
density [28], or the cosmological event and particle hori-
zons [26, 27]. This leads to RG improved cosmological
equations, which may even generate entropy [31, 32].
Our work is motivated by the fundamental role played
by scalar fields in cosmology, which generalise a cosmo-
logical constant. It is therefore natural to adapt cosmo-
logical RG ideas to include a scalar field. Our viewpoint
is that we wish to choose the RG scale as to maintain
the form of the classical equations. Taking into account
the scale-dependence of the scalar field couplings, the
preservation of the Bianchi identity leads to an evolution
equation for the RG scale rather than an algebraic condi-
tion as hitherto found. Under some conditions, which we
detail, it is true that the RG scale evolves inversely pro-
portional to cosmic time (or more precisely, the Hubble
parameterH), but this behaviour is not found in general.
In this paper, we implement the above ideas by for-
mulating the cosmological evolution equations as an au-
tonomous system evolving with the scale factor [33]. In
analogy with the RG evolution, these cosmological equa-
tions have fixed points, which may be approached with
decreasing or increasing scale factor. We find that the
universe can asymptote to a simultaneous fixed point
of both the RG and cosmological evolution equations at
large and small scale factors. In addition, we find new
cosmological fixed points where the RG scale freezes at
some constant value. We exhibit several of these, show-
ing how they relate to fixed points of the classical evo-
lution. Whether there is scalar-field driven inflation at
these fixed points depends on the parameters describing
the RG running of the gravitational couplings and the
scalar potential.
II. COSMOLOGY
In this section, we recall the standard set-up and in-
troduce our notation and conventions. We assume that
the universe is described by Einstein gravity with a spa-
tially flat Friedmann-Robertson-Walker (FRW) metric,
and contains a minimally coupled scalar field with arbi-
trary potential V (φ) and fluids with barotropic equations
of state pi = wiρi. We assume that in the periods of
interest the energy-momentum is separately conserved.
Defining γi = 1+wi, the dynamical evolution of the sys-
2tem is controlled by the Einstein equations and the scalar
field equation of motion, which under our assumptions
give
H˙ = −κ
2
2
(∑
i
γiρi + φ˙
2
)
(1)
ρ˙i = −3Hγiρi (2)
φ¨ = −3Hφ˙− dV
dφ
(3)
together with the Friedmann constraint
H2 =
κ2
3
(∑
i
ρi +
φ˙2
2
+ V (φ)
)
. (4)
Here κ2 = 8πG, G is Newton’s constant, H = a˙/a is
the Hubble parameter, and the energy density of a ho-
mogeneous scalar field is ρφ =
1
2 φ˙
2 + V (φ). We view a
cosmological constant Λ as being contained in the poten-
tial as V (φ)|φmin = Λ/(8πG).
Following [33, 34] we introduce the dimensionless dy-
namical variables
x =
κφ˙√
6H
, y =
κ
√
V√
3H
, z =
V ′
κV
. (5)
Note that x and z are related to the traditional slow-
roll parameters by ǫH = 3x
2 and ǫV =
1
2z
2, where
ǫH = −H˙/(H2) and ǫV = 12 (κV ′/V )2, where Ωi = 0 as
in traditional cold inflation. We also define N = − lna
(note the sign convention) and denote the density param-
eter of the ith barotropic fluid as Ωi. The equations of
motion can then be rewritten in autonomous form
dx
dN
= 3x(1− x2) +
√
3
2
y2z − 3
2
x
∑
i
γiΩi , (6)
dy
dN
= −
√
3
2
xyz − 3x2y − 3
2
y
∑
i
γiΩi , (7)
dz
dN
= −
√
6x(η − z2) , (8)
dΩi
dN
= −3Ωi

2x2 +∑
j
γjΩj − γi

 , (9)
with the Friedmann constraint expressed as
1− x2 − y2 −
∑
i
Ωi = 0. (10)
The new quantity η = V ′′/(κ2V ) is to be viewed as a
function of z, which requires inverting the equation z =
V ′(φ)/(κV (φ)). For example, potentials which are field
monomials V = λnφ
n give η(z) = (n− 1)z2/n. For more
complex potentials η(z) is not generally expressible in
closed form.
The dependence of H on scale factor is given by
d lnH
dN
= 3x2 +
3
2
∑
γiΩi . (11)
In our conventions, the condition for inflation reads
d lnH/dN < 1.
The equations of motion take the form of a flow with a
constraint. The flow of the system can have fixed points,
where
d
dN
(x, y, z,Ωi) = 0 (12)
which represent the allowed states from which a FRW
universe can emerge in the past (N → ∞) or evolve to-
wards in the future (N → −∞). To obtain the fixed
points, a solution to the equation η = z2 must be found.
Denoting such a solution by z∗, we tabulate the fixed
points for a scalar field and one other barotropic fluid in
Tab. I, reproducing the results of Copeland et al. [33]. In
this language, inflation can be regarded as an emergence
from the potential-dominated fixed point (a). Flows can
leave this fixed point only along the line x = −z/√6,
which we recognise as the slow-roll equation for inflation.
Note that η = z2 with x, z 6= 0 can only be produced by
potentials of the form V = V0 exp(λκφ), with λ a dimen-
sionless constant. The fact that x 6= 0 implies that φ is
evolving at the cosmological fixed point, and z 6= 0 im-
plies that z changes with φ: therefore η = z2 must apply
for a range of z, and is trivially integrable to find V .
III. RENORMALISATION GROUP
The cosmological equations of the previous section de-
rive from classical equations of motion, and thus rely
on classical general relativity. In this section, we eval-
uate how quantum fluctuations of the metric field and
the scalar field modify the cosmological dynamics. Once
quantum fluctuations are taken into account, classical
equations of motions as obtained from the classical action
S should be replaced by quantum equations of motions
as obtained from the quantum effective action Γ.
A powerful method to obtain the quantum effective
action is given by Wilson’s renormalisation group, based
on the successive integrating-out of momentum modes
from a path-integral based formulation of field theory
[6, 35, 36]. This way, the effective action becomes scale-
dependent Γ→ Γk, and interpolates, as a function of the
RG momentum scale parameter k, between the funda-
mental action S and the full quantum effective action Γ.
The dependence of Γk on the RG scale is given by an
exact, functional differential equation [37]
k∂kΓk[φ] =
1
2
Tr
1
Γ
(2)
k [Φ] +Rk
k∂kRk , (13)
which links the scale-dependence of Γk[Φ] with its second
functional derivative Γ
(2)
k [Φ] ≡ δ2Γk[Φ]/(δΦδΦ). Here,
3Case x y z Ωγ existence type
(a) 0 1 0 0 all γ potential
(b) ±1 0 z∗ 0 all γ and z∗ kinetic
(c) − z∗√
6
√
1− z
2
∗
6
z∗ 0 z
2
∗
≤ 6 mixed
(d) −
√
3
2
γ
z∗
√
3
2
γ(2− γ)
z2∗
z∗ 1− 3γ
z2∗
z2
∗
≥ 3γ scaling
(e) 0 0 – 1 γ 6= 0 fluid
TABLE I: Classical cosmological fixed points for a scalar field and one other barotropic fluid with equation of state parameter
γ = 1 + w. In all cases, z∗ is a solution to the equation η(z) = z
2, see (8). Fixed point (d) exists only for z2
∗
< 6. Fixed point
(e) exists only if z2
∗
> 3γ. For the case of an exponential potential, these fixed points and eigenvalues agree with Copeland et al.
[33]. Note that for z∗ = 0 fixed point (a) is just a special case of (c). Fixed point (e) corresponds to the fluid dominated solution,
fixed points (a), (b), (c) to scalar field dominated solutions with either potential term (a) or kinetic term (b) dominating or a
mixture (c), and fixed point (d) is known as the ”scaling” or solution.
Φ = (gµν , φ, · · · ) stands for all propagating fields in the
theory. The trace denotes a momentum integration, and
Rk(q) the Wilsonian infrared cutoff [6, 35, 36]. For the
RG scheme Rk(q
2)→ k2, the flow (13) becomes a renor-
malised Callan-Symanzik equation. The RG scheme can
be chosen to optimise the stability and convergence of
the RG flow [38, 39]. The functional RG flow (13) can be
seen as the generating functional for the RG equations
for all couplings of the theory. Standard perturbation
theory is reproduced when (13) is solved iteratively for
small coupling [40, 41]. A particular strength of (13) is
its applicability even for systems with strong correlations
and large couplings.
Explicit RG equations for gravity, or gravity with mat-
ter fields, have been obtained with the help of Wilson’s
renormalisation group (13), eg. [2–6, 42–57]. For our pur-
poses it is interesting to discuss the case where gravity
and/or the matter sector display a non-trivial RG fixed
point. For gravity, an ultraviolet (UV) fixed point im-
plies that gravity becomes asymptotically safe at short
distances [1]. Substantial evidence for a gravitational
fixed point has been generated in the past decade based
on RG studies in the continuum [2–6, 42] and numerical
simulations on the lattice [7–9]. It has also been specu-
lated that the long-distance behaviour of gravity might
be described by an IR fixed point [17–20]. To illustrate
the role of a gravitational fixed point, we recall the RG
equation for Newton’s coupling, written in terms of the
renormalised dimensionless coupling
g(k) = Gk k
2 ≡ GZ−1N (k) k2 . (14)
Here, G denotes Newton’s coupling, Gk = GZ
−1
N (k) the
renormalised coupling and ZN (k) the graviton’s wave
function renormalisation. The RG equation for (14) takes
a simple form
dg
d ln k
= (2 + ηRG) g(k) . (15)
In general, the anomalous dimension is a function of all
other couplings of the theory including Newton’s cou-
pling, the cosmological constant, and possible further
gravity-matter couplings such as the one multiplying an
interaction term Rφ2, where R is the Ricci scalar and φ
a scalar field.
In this paper we will take into account only Newton’s
coupling, the cosmological constant and the couplings in
the scalar field potential as the main ingredients in stan-
dard early-universe cosmology. We shall ignore the run-
ning of the kinetic term through the scalar wave function
factor, as it vanishes to one-loop order in scalar theories.
Explicit expressions for the RG flows of the couplings
have been obtained in [2–6, 42–57]. The resulting RG
scale dependence G→ Gk, Λ→ Λk, and V (φ)→ Vk(φ).
can be conveniently described in terms of the dimension-
less parameters
ηRG =
∂ lnGk
∂ ln k
, νRG =
∂ lnVk
∂ ln k
, σRG =
∂ lnV ′k
∂ ln k
. (16)
Note that νRG and σRG are also manifestly functions of
the variable z through their dependence on φ. Equally,
ηRG can acquire a z(φ) dependence through radiative
corrections. In our conventions the potential includes
the cosmological constant Λk. This implies that the RG
dependence of the cosmological constant is expressed in
4terms of (16) by
∂ ln Λk
∂ ln k
= νRG + ηRG . (17)
In the classical regime, the anomalous dimension is very
small |ηRG| ≪ 1, and (15) displays the Gaussian (free
theory) fixed point g∗ = 0. In its vicinity, quantum ef-
fects are small and the gravitational couplings take their
classical values Gk ≈ G. However, once the anomalous
dimension becomes large, (15) displays a non-trivial fixed
point where the anomalous dimension counter-balances
the canonical dimension of Newton’s coupling, ηRG = −2.
In its vicinity, the renormalised Newton’s coupling be-
comes very small (large),
Gk ≈ g∗/k2 , (18)
provided it corresponds to an ultraviolet (infrared) fixed
point. The fixed point scaling (18) leads to a character-
istic weakening of gravity at shortest distances Gk ≪ G.
In the context of RG improved black hole solutions, this
behaviour (18) increases the domain of validity of the
semi-classical approximation [58, 59]. The RG running
of couplings towards the IR can also build up non-local
corrections to the effective action, see [60] for a recent
example thereof. In our set-up, this is accounted for
through the RG running of couplings. Similarly, the ef-
fective potential Vk achieves an RG fixed point provided
it scales with its canonical dimension Vk ∝ k4, leading to
νRG = 4. This conclusion is equally reached by looking
at the RG flow for the cosmological constant (17): since
the canonical dimension of [Λk] = 2, a non-trivial RG
fixed point for the dimensionless coupling Λk/k
2 requires
that νRG + ηRG = 2.
IV. RG IMPROVED COSMOLOGY
In this section, we discuss how the classical cosmo-
logical equations are modified by quantum effects. In
our framework, the structure of the classical dynamical
equations is preserved in the sense that quantum correc-
tions appear as k-dependences of the gravitational cou-
pling Gk and of the parameters in the scalar potential
Vk(φ), in a functional form fixed by the RG equations
(16). This turns the variables (5) into scale-dependent
variables. The RG parameters should be regarded as
given functions of the RG scale k. It is the central physics
assumption of this paper that the RG scale parameter is
a function of cosmological time, k = k(t), which we view
in our conventions as k = k(N). Consequently, time-
dependence of the RG corrections is determined by the
time evolution via k(N). We assume throughout that ho-
mogeneity and isotropy are maintained. The validity of
the classical equations is justified by the anti-screening
behaviour of gravity with decreasing G. Possible non-
local contributions are effectively taken into account by
making k time-dependent as argued in [15] for the case
k ∝ H . We will see that the Bianchi identity can force
a different time dependence, but the general argument
remains valid.
Enhancing the classical equations (1) – (4) with the
help of the RG equations (16), and also using the defi-
nition (5) with couplings replaced by running couplings,
we arrive at the RG improved cosmological equations
dx
dN
= 3x(1− x2) +
√
3
2
y2z − 3
2
x
∑
i
γiΩi +
1
2
xηRG
d ln k
dN
, (19)
dy
dN
= −
√
3
2
xyz − 3x2y − 3
2
y
∑
i
γiΩi +
1
2
y(ηRG + νRG)
d ln k
dN
, (20)
dz
dN
= −
√
6x(η − z2) + z
(
−1
2
ηRG − νRG + σRG
)
d ln k
dN
, (21)
dΩi
dN
= −3Ωi

2x2 +∑
j
γjΩj − γi

 + ηRGΩi d ln k
dN
. (22)
These dynamical equations are subject to the Friedmann
constraint, and an extra constraint deriving from the
Bianchi identity. Our working hypothesis – which is that
the functional form of the dynamical equations is pre-
served – implies that the energy-momentum tensor re-
mains covariantly conserved for any fixed k. Hence the
Bianchi identity leads to
∂ν ln k
(
∂Gk
∂ ln k
T µνk +Gk
∂
∂ ln k
T µνk
)
= 0. (23)
The existence of a functional relation between the RG
5scale k and cosmological time t means that (23) becomes
d ln k
dt
∂(Gk ρk)
∂ ln k
= 0 . (24)
From (24) with d ln k/dt 6= 0 and the Friedmann con-
straint (4) it follows that ∂H/∂ ln k = 0, reflecting the
fact that H and k are independent phase space vari-
ables. Furthermore, using the Friedmann constraint (4)
together with (5) for the running couplings (16) provides
the condition
ηRG(k) + y
2 νRG(k, z) = 0 . (25)
Finally, to derive the dynamical equation for the time-
dependence of k, we differentiate (25) with respect to
time, leading with some algebra to a relation between
d ln k/dN and x, y, z and dy/dN . Using the short-hand
notation
αRG =
1
2
[
ηRG + νRG − ∂
∂ ln k
ln
(
−ηRG
νRG
)]
, (26)
we find
d ln k
dN
=
1
αRG
[
σRG
νRG
√
3
2
xz + 3x2 +
3
2
∑
i
γiΩi
]
. (27)
The significance of this equation is the following. Un-
der the assumption that the renormalisation scale can
be taken to be time-dependent, and that the effect is
to introduce time-dependence of the couplings via their
dependence on the renormalisation scale, it follows that
k(N) must be chosen to satisfy (27) in order to main-
tain the consistency of the evolution equations. The full
equations for x, y, z and Ωi are to be found by substi-
tuting (27) into the right-hand sides of (19) – (22). We
stress that the evolution equation for ln k is not the same
as the evolution equation for lnH . The latter remains
functionally the same as in the classical set-up (11), ex-
cept that the right-hand side depends implicitly on the
RG parameters. Indeed, comparing (27) and (11), we
note that
d lnH
dN
= αRG
d ln k
dN
− σRG
νRG
√
3
2
xz . (28)
We can use (28) to read off the necessary conditions un-
der which k and H evolve the same way with scale factor:
αRG = 1 is mandatory, together with either σRG = 0,
1/νRG = 0, x = 0 or z = 0. We note that αRG = 1
holds at a gravitational fixed point. In general, however,
we stress that the evolution of ln k and lnH with cos-
mological time is different and hence k cannot be chosen
to be proportional to H (or 1/t). Even in the simplified
case where x = 0 or z = 0, (28) in general does not im-
ply H ∝ k because αRG in (26) has a non-trivial k- and
z-dependence.
In the strict classical limit, all k-dependence is re-
moved and the RG parameters ηRG, νRG and σRG in
(16) vanish identically. Consequently, the modified cos-
mological equations fall back onto their classical coun-
terparts. In addition, the k-dependence of (16) vanishes,
which entails αRG = 0 in (26). In consequence, the scale-
derivative of the Bianchi identity (24) no longer provides
a constraint for the RG parameters, and the relations
(25) and (28) become empty. The dynamical equations
formally fall back onto the classical ones for vanishing
d ln k/dN . In general this limit does not imply classi-
cal behaviour, because the RG parameters (16) and (26)
can be non-zero (see Sec. VA). One may wonder under
which conditions the classical cosmological equations are
achieved dynamically. For generic k, this happens pro-
vided that the RG-induced dependence on cosmological
time ηRGd ln k/dN , νRGd ln k/dN and σRGd ln k/dN be-
come sufficiently small. The latter terms depend on the
ratios ηRG/αRG, νRG/αRG, and σRG/αRG due to (27).
Similarly, k continues to evolve according to (27) unless
the classical parameters x, z and γ vanish (or αRG di-
verges). We conclude that the smallness of ηRG, νRG,
and σRG alone does not imply a dynamical approach to
the classical equations, although reversion to the classi-
cal cosmology is one possibility. If the RG-induced terms
remain non-vanishing, this would mean that radiative
corrections from Hubble-scale momenta continue to be
relevant.
V. COSMOLOGICAL FIXED POINTS
In this section, we discuss cosmological fixed point so-
lutions for renormalisation group improved cosmologies
with one barotropic fluid and a scalar field, and subject
to the Friedmann constraint and the Bianchi identity.
Note that we have six equations in four unknowns, and
we should therefore expect to find constraints on the pa-
rameters ηRG, νRG, σRG and γ, and on the form of the
function η(z), for solutions to exist.
To achieve a cosmological fixed point solution in the
presence of a scalar field, the renormalisation group scale
ln k may or may not be forced to be constant with scale
factor, depending on the values of x, y, z and Ωγ , see
(27). Hence two qualitatively different types of cosmolog-
ical fixed point solutions become available: a fixed point
where the RG scale ln k continues to scale with N , and
a fixed point where the RG scale becomes independent
thereof.
In the remainder, we evaluate the two scenarios in more
detail. We also exhibit five cosmological fixed point so-
lutions in Tab. II, in four of the categories introduced
in Tab. I. We are not interested in fluid-dominated so-
lutions as we have assumed that the RG running of the
fluid parameters is negligible.
6A. Freeze-in fixed points
We begin with the scenario where the RG scale param-
eter ln k acquires a fixed point under the evolution with
cosmological time,
d ln k
dN
= 0 . (29)
The significance of (29) is that the evolution of ln k with
N (or cosmological time) comes to a halt at some freeze-
in scale kfi. In consequence, the RG parameters stop to
evolve. The cosmological fixed points (12) are formally
the same as those of the classical set-up, and clearly the
classical fixed points appear as a particular solution of
(29) where no RG parameter dependence enters from the
outset. Here, however, quantum corrections are present
and incorporated through RG modifications in the vari-
ables x, y and z.
At freeze-in, we learn from (28) that d lnH/dN can re-
main non-zero even though the RG scale no longer varies
with cosmological time (29). Also, using (11) and (28)
we note that (29) entails a relation between z, x, Ωi, and
νRG/σRG at the freeze-in scale. For example, at x 6= 0,
and in the absence of a barotropic fluid, the relation reads
z = −√6x νRG/σRG. Most interestingly, the RG cou-
plings can take generic values at freeze-in, different from
the RG fixed points of the underlying quantum field the-
ory.
B. Simultaneous fixed points
A second type of cosmological fixed points is achieved
for
d ln k
dN
= const. 6= 0 . (30)
Here, the RG scale continues to evolve with cosmological
time. The full system depends on k implicitly through
the variables (5), and explicitly through the RG param-
eters (16). Hence, a cosmological fixed point with (30)
can only be achieved if the RG parameters (16) have
become k-independent. This includes, in particular, a
RG fixed point of the underlying quantum field the-
ory, in which case the coefficient (26) simplies and reads
αRG =
1
2 (ηRG + νRG).
C. Potential-dominated fixed point
In Tab. II (a), the potential-dominated fixed point is
an inflating one, which requires that the RG parameters
are related by ηRG = −νRG. One way of realising this,
together with (30) is to have an asymptotically safe fixed
point for the gravitational coupling, at which ηRG = −2,
and an RG scaling fixed point for the scalar field, with
the field φ approaching infinity. Writing the potential
as V (φ) = λ2φ
2, we see that z = 2/(κφ), and hence
the cosmological fixed point is at φ → ∞. We also see
that νRG = σRG = β2/λ2, where β2 is the β-function
for λ2 (twice the mass squared). To obtain νRG = 2,
we require that λ → k2λ˜2, where λ˜2 is a dimensionless
constant. Although a recent RG investigation of a sub-
class of theories of scalar fields coupled to gravity [54, 55]
showed no sign of such a fixed point in four dimensions,
this does not rule one out altogether. The consequences
of such a fixed point are very interesting and we will
return to them in the concluding section. Note that one
needs the form of ηRG(k) and νRG(k) in order to be able
to evaluate d ln k/dN at the fixed point.
Alternatively, another inflating fixed point is realised
for general potentials through the freeze-in scenario (29)
which entails d lnH/dN = 0. This still requires νRG =
−ηRG, though together with αRG 6= 0. For this scenario
to be applicable we note that ∂∂ ln k ln(−ηRG/νRG) cannot
vanish at freeze-in, meaning that νRG and ηRG cannot si-
multaneously achieve fixed points in the underlying field
theory.
D. Kinetic-dominated fixed point
A kinetic-dominated fixed point requires the vanishing
of the graviton anomalous dimension ηRG → 0 together
with νRG non-zero, see Tab. II (b). The first condition
implies that a kinetic-dominated fixed point can only
be achieved when gravity is essentially classical near the
Gaussian fixed point of Einstein gravity, where Gk and
Λk are constant in the infrared. In addition, for (30), z
must be a solution to the equation
η(z) = z2
(
1− σRG
νRG
+
(
σRG
νRG
)2)
∓
√
6
(
1− σRG
νRG
)
z ,
(31)
with the sign depending on whether x∗ = ±1. This
can be achieved either with an exponential potential
V = V0 exp(λκφ) with λ = ∓
√
6/ (σRG/νRG + 1), or a
potential with the intriguing form
V = V0 (1− expλQκφ)−1/Q . (32)
where Q = (σRG/νRG)
2 − 1. Alternatively, the freeze-
in scenario (29) is realised for general potentials pro-
vided that z settles to either of the values z =
∓(2νRG)/(
√
6σRG) at the freeze-in scale.
E. Mixed fixed points
In fixed points with both kinetic and potential energy,
but no barotropic fluid component, one finds that the
dx/dN = 0 equation reduces to
z y2
(
1− σRG
νRG
)
= 0 , (33)
7Case x y z Ωγ
d ln k
dN
existence type
(a) 0 1 0 0 - −ηRG
νRG
= 1 potential
(b) ±1 0 z∗ 0 6
νRG
(
1±
(
σRG
νRG
)
z∗√
6
)
ηRG = 0 kinetic
(c1) ±
(
1 +
ηRG
νRG
) 1
2
(
−ηRG
νRG
) 1
2
0 0
6
νRG
η(0) = 0 mixed
(c2) ±
(
1 +
ηRG
νRG
) 1
2
(
−ηRG
νRG
) 1
2
z∗ 0
6
νRG
(
1 +
z∗√
6x∗
)
σRG = νRG mixed
(d1) 0
(
−ηRG
νRG
) 1
2
0 1 +
ηRG
νRG
3γ
νRG
γ 6= 0 scaling
(d2) ±
(
−ηRG
νRG
γ
2− γ
) 1
2
(
−ηRG
νRG
) 1
2
−
√
3
2
γ
x∗
1 +
ηRG
νRG
2
2− γ 0 σRG = νRG scaling
TABLE II: Renormalisation group improved cosmological fixed points for Einstein gravity with a scalar field and one other
barotropic fluid. We adopt the classification of Tab. I. The RG parameters are defined in (16). In case (a), the conditions for
d ln k/dN are discussed in Sec. VC. In case (b), z∗ is a solution to (31), and in case (c2) z∗ is a solution to (34) (see text).
see Tab. II (c). Consequently, we either have z = 0 (c1),
or νRG = σRG (c2). Case (c1) can be achieved with a
monomial potential λnφ
n and φ → ∞. If the theory
approaches an asymptotically safe Gaussian matter fixed
point [49, 54, 55] where all couplings of the scalar vanish
and V → λ0, we have ηRG → −2, νRG → 4, and there is
equipartition between kinetic and potential energy: x2 =
y2 = 12 . In case (c2) stationarity of z requires that it must
be a solution to the equation
− η(z) + z2 (1 +R) +
√
6x∗ Rz = 0 , (34)
where R = y2
∗
/(2x2
∗
). This can be achieved in two ways,
either with a potential with same form as (32), but with
λ =
√
6x∗ and Q = R and (30), or as a freeze-in scenario
(29) provided that z∗ = −
√
6x∗ and thus η = z
2, together
with νRG = σRG, leading to an exponential potential
V = V0 exp(−
√
6x∗κφ). Provided
ηRG
νRG
< −2
3
, (35)
the expansion is accelerating at these fixed points.
F. Scaling fixed point
A scaling fixed point is found for either (30) corre-
sponding to case (d1), or during freeze-in corresponding
to case (d2). The case (d1) requires γ 6= 0, and the
fixed point values for y and Ω are then uniquely fixed
by RG parameters. Interestingly, a special case for the
fixed point (d1) has been found previously for a universe
with a cosmological constant and a barotropic fluid (no
scalar field), provided that gravity approaches an asymp-
totically safe RG fixed point with ΩΛ =
1
2 [10, 17–19].
In our conventions, a cosmological constant Λk is equiva-
lent to a stationary scalar field with x = 0 and potential
Vk = Λk/(8πGk), together with (17). If gravity becomes
asymptotically safe, we have ηRG = −2, νRG = 4 and
αRG = 1 (see Sec. III). Therefore the Bianchi identiy
leads to y2 ≡ ΩΛ = 12 . Hence, the field-theoretical RG
fixed point of asymptotically safe Einstein-Hilbert grav-
ity becomes enhanced into a cosmological fixed point un-
der cosmological time evolution. Comparing (27) with
(11) for x = 0 and αRG = 1 we also confirm that
d ln k/dN = d lnH/dN , which explains the scaling re-
lation H ∝ k at this fixed point.
If one looks for a trial solution with (29), the same
argument for the mixed cosmological fixed points above
applied to the case where Ωγ 6= 0 leads again to the
requirement that νRG = σRG at freeze-in, see Tab. II
(d2). For such a solution we require that η(z) = z2, and
z∗ = −(
√
3γ)/(
√
2x∗). This means that we must have an
exponential potential with
λ = −
√
3γ(2− γ)
2
(
−νRG
ηRG
)
. (36)
It is somewhat peculiar that the potential parameter is
related to the fluid equation of state and the RG param-
eters in this way, and it would seem hard to achieve in
practice. Note that this solution is an accelerating one
provided that γ < 23 , which is the same as the classical
condition.
8VI. CONCLUSIONS
In this paper we have examined the application of
renormalisation group ideas to scalar field cosmology. We
have shown how to relate RG scale evolution to cosmo-
logical evolution in such a way as to maintain the form of
the classical equations of motion. Preserving the Bianchi
identity during the cosmological evolution means that the
RG scale must obey (27): one cannot simply assume that
it is (for example) proportional to the Hubble parameter
H from the outset.
Given this consistency relation we have written down
the cosmological evolution equations with running grav-
itaitonal and matter couplings (19) - (22), showing that
the RG scale dependence is transmitted via the quanti-
ties ηRG, νRG, and σRG (16). We have identified the fixed
points of the cosmological evolution for a universe whose
energy-momentum receives contributions from a scalar
field and a single barotropic fluid (Tab. II), showing un-
der what conditions they appear, and relating them to
fixed points in the classical case (Tab. I).
At the fixed points the Universe may or may not ac-
celerate, depending on the ratio of the RG parameters
ηRG and νRG. An inflating cosmology controlled by an
asymptotically safe fixed point where ηRG = −2 requires
that νRG < 3. In particular a Gaussian matter fixed
point (νRG = 4) does not produce accelerated expan-
sion. A fixed point resembling standard slow-roll infla-
tion (x→ 0) requires νRG → 2, which could be achieved
by a scalar field with a quadratic potential whose mass
parameter runs proportional to the RG scale. Alterna-
tively, the RG scale can freeze, leading to non-universal
values for the parameters ηRG and νRG. Other scalar field
dominated fixed points exist, where the energy density is
divided between kinetic and potential term of the scalar
field. In the case of the Gaussian matter fixed point,
this distribution happens in equal parts. There is also a
kinetic-dominated fixed point and a scaling fixed point.
A crucial question which we leave for future publica-
tion is how the universe evolves towards or away from
fixed points. To answer the question one must have a
specific scalar potential in mind, and explicit forms for
the couplings as a function of the RG scale. One can
then use the equations we have developed to follow the
universe near the fixed point, and study the transition
to or from classical FRW evolution. Exactly at what
scale this transition takes place is not clear, or whether
the RG fixed point is departed before or after the cos-
mological one if they are simultaneous. A conservative
view would be that the transition scale is the Planck
scale, well above the Hubble scale during inflation,
and so observational effects on inflationary perturba-
tions are presumably small. Departures from classical
slow-roll inflation can be probed using the increasing
amount of detailed information about the primordial
fluctuations, and so constraints on the transition scale
can be derived from observations. Likewise, scenarios
involving a universe with a scalar field approaching the
more speculative IR fixed point can be tested against
cosmological data such as Type Ia supernovae [18, 30, 61].
Acknowledgements This work was supported by the
Science and Technology Research Council [grant number
ST/G000573/1].
[1] S. Weinberg(1979), in General Relativity: An Einstein
centenary survey, ed. S. W. Hawking and W. Israel, 790-
831.
[2] D. F. Litim, AIP Conf. Proc. 841, 322 (2006),
arXiv:hep-th/0606044.
[3] M. Niedermaier and M. Reuter, Living Rev. Rel. 9, 5
(2006).
[4] M. Niedermaier, Class. Quant. Grav. 24, R171 (2007),
arXiv:gr-qc/0610018.
[5] R. Percacci(2007), in “Approaches to Quantum Grav-
ity: Towards a New Understanding of Space, Time
and Matter” ed. D. Oriti, Cambridge University Press,
arXiv:0709.3851 [hep-th].
[6] D. F. Litim(2008), arXiv:0810.3675 [hep-th].
[7] J. Ambjorn, J. Jurkiewicz, and R. Loll, Nucl. Phys.
B610, 347 (2001), arXiv:hep-th/0105267.
[8] H. W. Hamber, Phys. Rev. D61, 124008 (2000),
arXiv:hep-th/9912246.
[9] H. W. Hamber and R. M. Williams, Phys. Rev. D70,
124007 (2004), arXiv:hep-th/0407039.
[10] A. Bonanno and M. Reuter, Phys. Rev. D65, 043508
(2002), arXiv:hep-th/0106133.
[11] A. Bonanno and M. Reuter, Int. J. Mod. Phys.D13, 107
(2004), arXiv:astro-ph/0210472.
[12] B. Koch and I. Ramirez(2010), arXiv:1010.2799 [gr-qc].
[13] S. Weinberg, Phys. Rev. D81, 083535 (2010),
arXiv:0911.3165 [hep-th].
[14] S. H. H. Tye and J. Xu, Phys. Rev. D82, 127302 (2010),
arXiv:1008.4787 [hep-th].
[15] A. Bonanno, A. Contillo, and R. Percacci(2010),
arXiv:1006.0192 [gr-qc].
[16] A. Contillo(2010), arXiv:1011.4618 [gr-qc].
[17] A. Bonanno and M. Reuter, Phys. Lett. B527, 9 (2002),
arXiv:astro-ph/0106468.
[18] E. Bentivegna, A. Bonanno, and M. Reuter, JCAP 0401,
001 (2004), arXiv:astro-ph/0303150.
[19] M. Reuter and F. Saueressig, JCAP 0509, 012 (2005),
arXiv:hep-th/0507167.
[20] A. Babic, B. Guberina, R. Horvat, and H. Stefancic,
Phys. Rev.D71, 124041 (2005), arXiv:astro-ph/0407572.
[21] I. L. Shapiro and J. Sola, Phys. Lett. B475, 236 (2000),
arXiv:hep-ph/9910462.
[22] I. L. Shapiro and J. Sola, JHEP 02, 006 (2002),
arXiv:hep-th/0012227.
[23] I. L. Shapiro and J. Sola(2008), arXiv:0808.0315 [hep-th].
[24] I. L. Shapiro and J. Sola, Phys. Lett. B682, 105 (2009),
9arXiv:0910.4925 [hep-th].
[25] I. L. Shapiro, J. Sola, and H. Stefancic, JCAP 0501, 012
(2005), arXiv:hep-ph/0410095.
[26] F. Bauer, Class. Quant. Grav. 22, 3533 (2005),
arXiv:gr-qc/0501078.
[27] F. Bauer(2005), arXiv:gr-qc/0512007.
[28] B. Guberina, R. Horvat, and H. Stefancic, Phys. Rev.
D67, 083001 (2003), arXiv:hep-ph/0211184.
[29] I. L. Shapiro and J. Sola, Nucl. Phys. Proc. Suppl. 127,
71 (2004), arXiv:hep-ph/0305279.
[30] C. Espana-Bonet, P. Ruiz-Lapuente, I. L. Shapiro, and
J. Sola, JCAP 0402, 006 (2004), arXiv:hep-ph/0311171.
[31] A. Bonanno and M. Reuter, JCAP 0708, 024 (2007),
arXiv:0706.0174 [hep-th].
[32] A. Bonanno and M. Reuter, J. Phys. Conf. Ser. 140,
012008 (2008), arXiv:0803.2546 [astro-ph].
[33] E. J. Copeland, A. R. Liddle, and D. Wands, Phys. Rev.
D57, 4686 (1998), arXiv:gr-qc/9711068.
[34] E. J. Copeland, M. Sami, and S. Tsu-
jikawa, Int. J. Mod. Phys. D15, 1753 (2006),
arXiv:hep-th/0603057.
[35] J. Berges, N. Tetradis, and C. Wetterich, Phys. Rept.
363, 223 (2002), arXiv:hep-ph/0005122.
[36] C. Bagnuls and C. Bervillier, Phys. Rept. 348, 91 (2001),
arXiv:hep-th/0002034.
[37] C. Wetterich, Phys. Lett. B301, 90 (1993).
[38] D. F. Litim, Phys. Lett. B486, 92 (2000),
arXiv:hep-th/0005245.
[39] D. F. Litim, Phys. Rev. D64, 105007 (2001),
arXiv:hep-th/0103195.
[40] D. F. Litim and J. M. Pawlowski, Phys. Rev. D65,
081701 (2002), arXiv:hep-th/0111191.
[41] D. F. Litim and J. M. Pawlowski, Phys. Rev. D66,
025030 (2002), arXiv:hep-th/0202188.
[42] M. Reuter, Phys. Rev. D57, 971 (1998),
arXiv:hep-th/9605030.
[43] D. Dou and R. Percacci, Class. Quant. Grav. 15, 3449
(1998), arXiv:hep-th/9707239.
[44] W. Souma, Prog. Theor. Phys. 102, 181 (1999),
arXiv:hep-th/9907027.
[45] O. Lauscher and M. Reuter, Phys. Rev. D65, 025013
(2002), arXiv:hep-th/0108040.
[46] O. Lauscher and M. Reuter, Phys. Rev. D66, 025026
(2002), arXiv:hep-th/0205062.
[47] M. Reuter and F. Saueressig, Phys. Rev. D65, 065016
(2002), arXiv:hep-th/0110054.
[48] D. F. Litim, Phys. Rev. Lett. 92, 201301 (2004),
arXiv:hep-th/0312114.
[49] R. Percacci and D. Perini, Phys. Rev. D68, 044018
(2003), arXiv:hep-th/0304222.
[50] R. Percacci, Phys. Rev. D73, 041501 (2006),
arXiv:hep-th/0511177.
[51] A. Codello and R. Percacci, Phys. Rev. Lett. 97, 221301
(2006), arXiv:hep-th/0607128.
[52] A. Codello, R. Percacci, and C. Rahmede,
Int. J. Mod. Phys. A23, 143 (2008),
arXiv:0705.1769 [hep-th].
[53] A. Codello, R. Percacci, and C. Rahmede, Annals Phys.
324, 414 (2009), arXiv:0805.2909 [hep-th].
[54] G. Narain and R. Percacci, Class. Quant. Grav. 27,
075001 (2010), arXiv:0911.0386 [hep-th].
[55] G. Narain and C. Rahmede, Class. Quant. Grav. 27,
075002 (2010), arXiv:0911.0394 [hep-th].
[56] D. Benedetti, P. F. Machado, and F. Saueressig,
Nucl. Phys. B824, 168 (2010), arXiv:0902.4630 [hep-th].
[57] P. F. Machado and F. Saueressig, Phys. Rev. D77,
124045 (2008), arXiv:0712.0445 [hep-th].
[58] A. Bonanno and M. Reuter, Phys.Rev. D62, 043008
(2000), arXiv:hep-th/0002196 [hep-th].
[59] K. Falls, D. F. Litim, and A. Raghuraman(2010), * Tem-
porary entry *, arXiv:1002.0260 [hep-th].
[60] A. Satz, A. Codello, and F. Mazzitelli, Phys.Rev. D82,
084011 (2010), arXiv:1006.3808 [hep-th].
[61] M. Kowalski et al. (Supernova Cosmol-
ogy Project), Astrophys. J. 686, 749 (2008),
arXiv:0804.4142 [astro-ph].
